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1.	  a.	  Show	  that	  magnitude	  of	  complex	  exponential	  |ejθt|	  =	  1	  for	  any	  θ	  and	  any	  t.	  
-‐	  𝑒!"# = 𝑐𝑜𝑠 𝜃𝑡 + 𝑗𝑠𝑖𝑛(𝜃𝑡)	  from	  Euler’s	  identity.	  

𝑀𝑎𝑔𝑛𝑖𝑡𝑢𝑑𝑒 = (𝑟𝑒𝑎𝑙)! + (𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦)! = (cos 𝜃𝑡 )! + (sin 𝜃𝑡 )! = 1	  since	  we	  know	  𝑐𝑜𝑠! 𝛼 +
𝑠𝑖𝑛! 𝛼 = 1	  for	  all	  α.	  
Thus,	  |𝑒!"#|	  is	  1	  for	  any	  θ	  and	  any	  t.	  
	  
b.	  Consider	  the	  set	  of	  complex	  numbers	  z	  given	  by	  |z|	  <	  3.	  Plot	  the	  set	  in	  the	  complex	  plane.	  
-‐	  let	  z=a+jb	  
Since	  |z|	  <	  3	  we	  have	   𝑎! + 𝑏! < 3   ⇒   𝑎! + 𝑏! < 9	  
Thus,	  the	  region	  is	  within	  a	  circle	  of	  radius	  3	  in	  the	  complex	  plane.	  	  
	  
c.	  Given	  the	  complex	  number	  z1	  =	  -‐4+3j,	  find	  the	  polar	  representation	  forms	  for	  the	  roots	  z11/4	  	  

-‐	  we	  have,	  𝑧! = −4 + 3𝑗    𝑎𝑛𝑑    𝑧!
!
! = 𝑟!/!𝑒!

(!!!")
! 	  where	  k=0,1,2,…	  n-‐1	  

Here,	  𝑟 = 4! + 3! = 5  𝑎𝑛𝑑  𝜃 = tan!! !
!!

= 2.4981  𝑟𝑎𝑑𝑖𝑎𝑛𝑠  	  
Thus,	  

𝑧!!/! = 5!/!𝑒
!(!.!"#$!!")

! , 𝑘 = 0,1,2,3	  
	  
d.	  Assume	  we	  have	  the	  complex	  numbers	  A	  and	  z,	  where	  they	  can	  be	  represented	  in	  polar	  form	  as	  A	  =	  
a	  ejθ,	  and	  z	  =	  b	  ejβ	  .	  Assume	  that	  their	  conjugates	  are	  represented	  by	  A*	  and	  z*	  respectively.	  Show	  that	  
𝑨𝒛𝒏 + 𝑨∗(𝒛∗)𝒏	  cane	  be	  written	  as:	  

𝑨𝒛𝒏 + 𝑨∗(𝒛∗)𝒏 = 𝒙[𝒏]𝒄𝒐𝒔(𝜷𝒏 + 𝜽)	  

Also	  show	  the	  expression	  for	  x[n].	  
-‐	  We	  have	  𝐴 = 𝑎𝑒!" ,𝐴∗ = 𝑎𝑒!!" , 𝑧 = 𝑏𝑒!" , 𝑧∗ = 𝑏𝑒!!" 	  
Thus,	  	  

𝐴𝑧! + 𝐴∗(𝑧∗)! = 𝑎𝑒!"(𝑏𝑒!")! + 𝑎𝑒!!"(𝑏𝑒!!")! = 𝑎𝑒!"𝑏!𝑒!"# + 𝑎𝑒!!"𝑏!𝑒!!"#

= 𝑎𝑏! 𝑒! !!!" + 𝑒!! !!!" = 2𝑎𝑏!cos  (𝛽𝑛 + 𝜃)	  
And	  𝑥 𝑛 = 2𝑎𝑏!	  
	  

2.	  Assume	  a	  continuous-‐time	  system	  is	  represented	  by	  the	  following	  differential	  equation	  𝒅
𝟐𝒚
𝒅𝒕𝟐

+ 𝟓 𝒅𝒚
𝒅𝒕
+

𝟔𝒚 𝒕 = 𝟐 𝒅𝒙
𝒅𝒕
+ 𝒙 𝒕 ,	  answer	  the	  following	  questions:	  

	  
a.	  Find	  the	  characteristic	  roots	  for	  the	  system.	  
-‐	  the	  characteristic	  equation	  is	  𝜆! + 5𝜆 + 6 = 0	  
The	  roots	  are	  -‐3	  and	  -‐2	  
	  
	  
b.	  Find	  the	  zero-‐input	  response	  for	  the	  system.	  Assume	  the	  initial	  conditions	  y(0)	  =	  0,	  and	  y’(0)	  =	  1.	  



-‐	  The	  zero	  input	  response	  is	  :	  
𝑦! 𝑡 = 𝑐!𝑒!!! + 𝑐!𝑒!!!	  

Using	  the	  given	  initial	  conditions	  get,	  
𝑐! = −1  𝑎𝑛𝑑  𝑐! = 1	  

Thus,	  
𝑦! 𝑡 = −𝑒!!! + 𝑒!!!	  

	  
c.	  Is	  the	  system	  asymptotically	  stable?	  Justify	  your	  answers.	  
-‐	  since	  the	  characteristic	  roots	  obtained	  have	  negative	  real	  parts,	  thus	  both	  lie	  in	  left	  	  hand	  plane	  and	  
thus	  it	  is	  asymptotically	  stable.	  
	  
	  
d.	  Determine	  the	  impulse	  response	  of	  the	  system	  

ℎ 𝑡 = 𝑏!𝛿 𝑡 + 𝑃 𝐷 𝑦! 𝑡 𝑢(𝑡)	  
	  
Here,	  𝑏! = 0,	  and	  since	  N=2,	  h(0)=0	  and	  h’(0)=1	  
	  
Thus,	  

ℎ 𝑡 = 5𝑒!!! − 3𝑒!!! 𝑢(𝑡)	  
	  
	  
e.	  Is	  the	  system	  causal?	  Justify	  your	  answer.	  
-‐	  Yes	  system	  is	  causal	  since	  y(t)	  depends	  on	  present	  values	  of	  x(t)	  and	  no	  future	  values.	  Also	  note	  that	  
h(t)	  is	  zero	  for	  t<0.	  
	  
3.	  Assume	  a	  discrete-‐time	  system	  is	  represented	  by	  the	  following	  difference	  equation	  𝒚 𝒏 + 𝟐 +
𝟓𝒚[𝒏 + 𝟏] + 𝟔𝒚[𝒏] = 𝟐𝒙[𝒏 + 𝟏] + 𝒙[𝒏],	  answer	  the	  following	  questions	  with	  initial	  conditions	  y[-‐2]	  =	  
0,	  y[-‐1]=1.	  
a.	  Find	  the	  characteristic	  roots	  for	  the	  system.	  
-‐	  the	  characteristic	  equation	  is	  𝛾! + 5𝛾 + 6 = 0	  
The	  roots	  as	  -‐3	  and	  -‐2	  
	  
b.	  Find	  the	  zero-‐input	  response.	  
-‐	  The	  zero	  input	  response	  is:	  

𝑦! 𝑛 = 𝑐!(−3)! + 𝑐!(−2)!	  
Using	  the	  given	  initial	  conditions	  get-‐	  

𝑐! = −9  𝑎𝑛𝑑  𝑐! = 4	  
𝑦! 𝑛 = −9(−3)! + 4(−2)!	  

	  
c.	  Is	  the	  system	  asymptotically	  stable?	  Justify	  your	  answers.	  
-‐	  the	  system	  is	  asymptotically	  unstable	  since	  the	  characteristic	  roots	  lies	  outside	  the	  unit	  circle	  in	  the	  
complex	  plane.	  
	  
d.	  Find	  the	  impulse	  response.	  
-‐	  For	  the	  given	  difference	  equation	  𝑎! = 6  𝑎𝑛𝑑  𝑏! = 1	  
Thus,	  



ℎ 𝑛 =
𝑏!
𝑎!

𝛿 𝑛 + 𝑦! 𝑛 𝑢[𝑛]	  

ℎ 𝑛 =
1
6
𝛿 𝑛 + 𝑦! 𝑛 𝑢[𝑛]	  

	  
ℎ 𝑛 + 2 + 5ℎ[𝑛 + 1] + 6ℎ[𝑛] = 2𝛿[𝑛 + 1] + 𝛿[𝑛]	  

	  
We	  know,	  h[-‐2]=h[-‐1]=0	  and	  𝛿[0]=1.	  Thus,	  
For	  n=-‐2,	  

ℎ 0 + 5ℎ −1 + 6ℎ −2 = 2𝛿 −1 + 𝛿 −2 =>     ℎ 0 = 0	  
For	  n=-‐1,	  

ℎ 1 + 5ℎ 0 + 6ℎ −1 = 2𝛿 0 + 𝛿 −1   =>     ℎ 1 = 2	  
Thus,	  	  

ℎ 𝑛 =
1
6
𝛿 𝑛 + [𝑐!(−3)! + 𝑐!(−2)!]𝑢[𝑛]	  

For	  n=0,	  

ℎ 0 =
1
6
𝛿 0 + [𝑐! + 𝑐!]𝑢 0 => 𝑐! + 𝑐! = −1/6	  

For	  n=1,	  

ℎ 1 =
1
6
𝛿 1 + [𝑐!(−3) + 𝑐!(−2)]𝑢 1 => −3𝑐! − 2𝑐! = 0	  

	  
𝑐! = −1/3  𝑎𝑛𝑑  𝑐! = 1/2	  

	  

ℎ 𝑛 =
1
6
𝛿 𝑛 + [ −

1
3

−3 ! +
1
2
(−2)!]𝑢[𝑛]	  

	  
	  
4.	  a.	  Determine	  the	  zero-‐state	  output	  of	  a	  system	  represented	  by	  the	  impulse	  response	  𝒉 𝒕 =
   𝟏
𝒕!𝟏

𝒖(𝒕),	  and	  the	  input	  to	  the	  system	  is	  the	  step	  function	  𝒙 𝒕 =   𝟒𝒖 𝒕 .	  
	  
-‐	  𝑦 𝑡 = 𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏!

! = 4  𝑢 𝜏 !
!!!!!

𝑢 𝑡 − 𝜏 𝑑𝜏!
! = 4 !

!!!!!
𝑑𝜏!

! 	  
	  
Let	  𝑡 − 𝜏 + 1 = 𝑠 ⇒   −𝑑𝜏 = 𝑑𝑠	  
Thus,	  

𝑦 𝑡 = 4 −
1
𝑠
𝑑𝑠

!

!!!
= 4

1
𝑠
𝑑𝑠

!!!

!
= 4ln  (𝑡 + 1)	  

	  
b.	  Assume	  the	  triangular	  wave	  shown	  below	  is	  fed	  to	  a	  system	  represented	  by	  the	  impulse	  response	  
𝒉 𝒕 = 𝜹(𝒕 − 𝟑

𝟐
𝒌)𝒌!𝟏

𝒌!!𝟏 ,	  (k	  takes	  integer	  values),	  derive	  and	  plot	  the	  zero-‐state	  response.	  	  
	  



	  

-‐	  ℎ 𝑡 = 𝛿 𝑡 + !
!
+ 𝛿 𝑡 + 𝛿 𝑡 − !

!
	  

	  
Thus,	  	  

𝑦 𝑡 = 𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏
!

!!

= 𝑥 𝜏 𝛿 𝑡 − 𝜏 + 3/2 𝑑𝜏
!

!!
+ 𝑥 𝜏 𝛿 𝑡 − 𝜏 𝑑𝜏

!

!!
+ 𝑥 𝜏 𝛿 𝑡 − 𝜏 − 3/2 𝑑𝜏

!

!!

= 𝑥 𝑡 +
3
2
+ 𝑥 𝑡 + 𝑥 𝑡 −

3
2

	  

y(t)	  is	  of	  the	  form	  –	  

	  
	  
5.	  a.	  Determine	  the	  zero-‐state	  output	  of	  a	  system	  represented	  by	  the	  impulse	  response	   𝐧 =
(𝟎.𝟐)𝒏𝒖[𝒏]	  ,	  and	  the	  input	  to	  the	  system	  is	  the	  function	  𝐱 𝐧 = (𝟓)𝒏𝒖[𝒏].	  
	  

-‐	  𝑦 𝑛 = 𝑥 𝑚 ℎ[𝑛 −𝑚]!
! = (0.2)!𝑢 𝑚 5 !!!𝑢[𝑛 −𝑚]!

! =   5! !.!
!

!!
! =    (!.!)

!!!!!!!!

!.!!!
𝑢[𝑛]	  

	  
	  
b.	  Determine	  the	  zero-‐state	  output	  of	  a	  system	  represented	  by	  the	  impulse	  response	  𝒉 𝒏 =
𝒏(𝒖 𝒏 − 𝒖 𝒏 − 𝟒 )	  and	  when	  the	  input	  to	  the	  system	  is	  𝒙 𝒏 = (𝒖 𝒏 − 𝒖 𝒏 − 𝟒 ).	  
	  
-‐	  x[n]	  is:	  



	  
h[n]	  is:	  

	  
Proceeding	  with	  graphical	  convolution	  for	  n=0,1,2,3,4,5,6	  –	  
y[0]=0	  
y[1]=1	  
y[2]=3	  
y[3]=6	  
y[4]=6	  
y[5]=5	  
y[6]=3	  
y[n]	  is	  0	  for	  n<0	  and	  n>6	  

	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  


